Abstract. We use life annuity prices to extract information about human longevity using a framework that links the term structure of mortality and interest rates. We invert the model and perform nonlinear least squares to obtain implied longevity forecasts. Methodologically, we assume a Cox-Ingersoll-Ross (CIR) model for the underlying yield curve, and for mortality, a Gompertz-Makeham (GM) law that varies with the year of annuity purchase.
Introduction
One of the corollaries of the efficient market hypothesis (EMH) is that market prices contain valuable information and provide a consensus view about the discounted economic value of the future. And, while this position is controversial these days (in light of evidence from behavioral finance), market prices continue to be used to extract information. Indeed, futures, options and various derivatives are often used to forecast stocks, commodities, interest rates, volatility and even the weather. So, motivated by the paradigm around the use of prices to extract information about the future, in this paper we use market prices of life annuities to imply information about expected human longevity and its improvements over time.
In the past this was hard to achieve, as it was difficult to obtain a reliable and consistent cross-sectional time series of life annuity or insurance prices.
1 Now however, we have access to a data set consisting of over 2 million U.S. annuity quotes sampled at weekly frequencies over a period of a decade. This unprecedented data together with a powerful computational procedure -both of which are described in the body of the paper -enable us to translate prices into longevity expectations in a way that has not been done before.
Technically speaking, we invert the model -which links the term structure of mortality and interest rates -and perform nonlinear least squares fitting to obtain implied mortality parameters. The inversion process is displayed graphically in Figure ( Recall that normally the insurance actuary begins with a set of assumptions about future interest rates and mortality. He/she then computes a model annuity price, which then becomes the market price after adjusting for competitive factors. In this paper we reverse the process. We start with the market price, which we assume is an amalgamation of a consensus view of longevity, then we solve for the implied tables and parameters. This is quite similar to the procedure used by Finkelstein and Poterba (2004) , or Mullin and Philipson (1997) in which they used insurance policy and annuity prices to extract information about adverseselection and mortality expectations, although our procedure is more dynamic and the data more refined. More on this later.
Implied survival probabilities and life expectancy are relevant for the financial management of assets post-retirement as well as the optimal timing and allocation to annuities. Our main result is that over the last decade (for which we have reliable prices), life annuities imply a significant improvement in longevity. Thus, while in the year 2004 market prices implied a 40.1% probability of survival to the age 90 for a 75-year old male (51.2% for a female)
annuitant, by the year 2013 the implied survival probability (ISP) had increased to 46.1% (and 53.1%). In conjunction, we find that the corresponding implied life expectancy (ILE) has increased (at the age of 75) from 13.09 years for males (15. 08 years for females) to 14.28 years (and 15.61 years) over the same period. This corresponds to 6.8 weeks per year for males (3.0 weeks for females). These numbers are roughly consistent with demographic and actuarial projections for the improvement in longevity -for example the widely publicized work by James Vaupel at the Max Planck Institute 2 -but are obtained from market prices directly.
1.1. Agenda and Plan. The remainder of this paper is organized as follows. Section #2 describes the pricing of life annuities. Section #3 explains the underlying law of morality.
Section #4 describes the source and structure of our annuity price data set. We describe our numerical results in section #5 and draw conclusions in section #6. We relegate all technical model details to the appendix.
Annuity Prices
The price of a life annuity -or inversely, the amount of income a retiree can expect for a given premium deposit -is determined in a competitive market based on the interaction of numerous insurance companies. Even so, while the final price paid is partially determined by the forces of supply and demand, there is a strict mathematical relationship linking mortality expectations and interest rates to observed prices. This is akin to the concept of arbitrage in securities markets, where the market prices can't deviate too much from certain model values.
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See Oeppen and Vaupel (2002) as well as Lee and Carter (1992) for the statistical or biological approach to projecting longevity and the estimates provided for mortality improvements.
The simplest pricing formula for a life annuity that pays $1 each year for life is as follows:
This assumes that payments take place once per year, and that the term structure is flat, neither of which will actually be true in our final model. Nonetheless this basic version will serve to illustrate the idea.
The quantity a(x, T, R) denotes the up-front "cost" of $1 per year for life, starting at the age of x, guaranteed for T years. By the guarantee period, we mean that if the annuitant dies during this period, payments continue to a designated beneficiary until the end of the period. On the right-hand side there are two sums: the guaranteed portion and the lifecontingent portion. In the life-contingent portion, the ratio of the survival probability p(x, i) and the interest rate factor (1 + R)
i are added-up until the end of the mortality table. The sum terminates at the age of ω, where "omega" denotes the oldest possible age attainable, currently 122 years 3 .
Equation (1) differs from the standard present value (PV) formula familiar to financial analysts and wealth managers by having a survival-contingent probability instead of the standard $1 in the numerator of the second summation. Think of this equation as the present value factor of one dollar of income to be received for as long as you are alive. For example, if you are 70 years old and the probability of surviving for 1 year is 97%, for 2 years is 95% and for 3 years is 92%, then the first three terms of the life contingent present value embedded in equation (1) with the remaining terms declining in importance until the final numerator is effectively zero.
One could use any (declining) survival probability vector of numbers in the numerator of equation (1), and add-up the terms to arrive at a(x, T, R). However, for the purposes of this study and this paper, we assumed a particular functional form, which is known as the Gompertz-Makeham (GM) law of mortality. This functional form is quite common in the biological and demographic fields, and is used in economics as well. Alas, without imposing some sort of structure on mortality, it would be nearly impossible to extract expectations.
Gompertz-Makeham Law Explained
Actuaries and demographers have long-established that age-dependent single-year mortality rates increase with age by approximately 8% to as high as 10% every year between the ages of 25 and as possibly as high as the age of 95. In other words, if someone at age y has a q percent probability of dying within that year, and mortality increases by 8% annually, then if they survive to age (y + 1) their probability of dying within the next year becomes q(1 + 0.08) percent, then q(1 + 0.08) 2 percent at age (y + 2), and then q(1 + 0.08) 3 percent at age (y + 3), etc. To a first order of approximation, human mortality rates (for adults), regardless of what particular mortality table you select, are an exponentially increasing function of age. Therefore, by computing the logarithms of the annual mortality rates, they can be approximated by a straight line and characterized by a slope and an intercept. The GM formulation gives a powerful analytic tool to compute survival probabilities to any age as a function of just three basic parameters. The concise expression for the survival probability -from any age, to any time -under the GM law of mortality can be written as follows:
where the variable t denotes the survival time, the variable x denotes the current age of the individual, λ 0 denotes an accidental rate of death and the parameters (m, b) denote the modal value and the dispersion coefficient, both measured in units of time. The survival probability itself -and the main quantity of interest -is trivially obtained by taking the exponent of the right-hand side of equation (2) .
Given the centrality of the GM law to our "implied longevity" algorithm, we now provide a detailed example of how to use the parameters to arrive at numerical values. Assume that you are currently 50-years old and would like to estimate the probability you will live (at least) to the age of 90, which is 40 more years. According to the GM law of mortality, this probability depends on three parameters; the accidental death rate λ 0 , the modal value of life m and the dispersion value of life b. The last two numbers can loosely be thought of as playing the role of the mean and standard deviation of your remaining future lifetime when λ 0 is zero. Technically speaking, the modal value of life is the age at which an individual is most likely to die 4 , but is actually a few years higher than the 50/50 (median lifespan)
point. This is due to the skewness of the distribution. Technicalities aside, if -for example -the modal value is m = 80 years and the dispersion value is b = 11 years (assuming λ 0 is zero), then according to equation (2) , the survival probability to age 90 is 8.9%, which can also be expressed as a 91.1% probability of dying prior to age 90. In contrast, (still assuming λ 0 is zero) under a higher modal value of m = 92 years in equation (2), instead of the lower m = 80, the survival probability to age 90 increases to 44.4%. Note how the extra 12 years of life (in the modal sense) will add 35.5 percentage points to the survival probability. In fact, if you "believe" that your modal value of life is in fact m = 92 years, then according to equation (2) the probability of surviving to age 95 (from age 50) is 27.5% and the probability of surviving to age 100 and becoming a centenarian is 12.9%.
It is an empirical observation that the mortality rates given by the GM model are a very good approximation to observed mortality rates, when it comes to pricing life annuities at retirement ages 55 to 80. Instead of using equation (1), in which the annuity pays only once per year, we consider an annuity paying continuously in time. In that case it is possible to obtain a closed-form expression for the life annuity factor when mortality is assumed to obey the Gompertz-Makeham (GM) law, and the interest rate is constant. The expression involves the incomplete Gamma function Γ(a, b) = ∞ b e −s s a−1 ds. which is found in almost all mathematical software packages. We refer the interested reader to Milevsky (2006 Milevsky ( , 2012 for more information. The Gompertz Annuity Pricing Model (GAPM) for a T years period certain life annuity is then:
where the letter r denotes the continuously compounded interest rate, or r = ln(1 + R).
The usage of the bar on top of theā represents continuous time payments. If interest rates and mortality parameters remained constant, then annuity prices would not change over time, and would be captured precisely by the GAPM formula (3). In practice, prices and parameters do change, so we will modify the GAPM model in a manner that is described in the technical appendix.
To conclude, while no formula in finance (even Black Scholes) can provide a perfect fit to the observed price of a financial asset traded in the market, the "life annuity factor" described by equation (1) using the mortality rates from equation (2) provide a reasonably good fit to quotes offered by insurance companies. Our objective then is to use market prices of annuities to imply these parameters and how they change over time.
Source of Data
The raw data used in our analysis was obtained using a three-step process. In the first step we utilized the "survey" services of CANNEX Financial Exchanges, which is a data and analytics vendor with an ongoing business relationship with most U.S. insurance companies that sell and market life annuities. CANNEX has the ability to dial into the insurance company's internal servers and extract any pre-specified life annuity quote for a wide range of parameters, such as, age, gender, period certain, etc. Financial advisers, insurance brokers and wealth managers utilize CANNEX's services to obtain current quotes (which in some cases are binding on the insurer). They are the most widely used and comprehensive source for up-to-date life annuity quotes. CANNEX charges a minimal fee per "survey" to subscribers to their system which is how they generate revenue. In the U.S. annuities can be purchased with after-tax (qualified) funds or with pre-tax (non-qualified) funds. Although both types of quotes are available from the CANNEX system, we decided to utilize the non-qualified (NQ) annuity data for a variety of data-integrity and reliability issues. Keep in mind that part of the NQ annuity income is tax-free (return of principal) and part is taxable.
From the insurance company's perspective, these quotes are the prices at which they would be obligated to offer that particular (NQ) life annuity. This is analogous to calling a foreign exchange dealer and asking them their bid or ask price on given quantity of a particular currency for a specific delivery date. The CANNEX system effectively samples all insurance companies at the exact time enquiring about the price of many different annuities. We stress that insurance companies are obligated to honor those quotes for a few days, which makes this more than a hypothetical query.
In the second stage of the data generating process, CANNEX would send a data file of many age/guarantee quotes to QWeMA Group (a software company) on a weekly basis, which QWeMA Group would check and validate for internal consistency and then store in a Henceforth, we refer to this as the CANNEX-QWeMA data set and gratefully acknowledge both company's employees for assistance in this research.
Analysis of Results
The annuities quoted provide monthly payments, which are well approximated by continuous payments, as in (3). For quotes issued at week z, we assume that pricing is based on a spot interest rate r z and a choice of Gompertz-Makeham (GM) parameters as displayed in equation (2), which we label λ 0 , b(z), and m(z). As described in the appendix, we assume b(z) and m(z) are linear in z, so there are five GM parameters in total. We invert the modified/enhanced versions of the resulting equations and solve for the various spot rates and GM parameters, which leads to ISPs and ILEs on a weekly basis.
We emphasize that we are implying weekly spot interest rates from the annuity quotes.
In theory, we could have observed these in the market -for example the U.S. Treasury bond curve, or the Corporate bond curve. But in fact, it is unclear which particular exogenous spot curve should be used in the context of annuities (and since our data are averaged over companies, that may set the spot rate in different ways, it is plausible that NO exogenous curve is exactly "right"). In keeping with the approach of this paper, that we let market prices "tell" us about parameters, we do this for spot rates as well. See Figure (1) .
The one last modelling item we need to address is how the term structure of interest rates factors into the annuity pricing equation. In other words, we need to specify the assumptions the annuity provider will make about the future evolution of interest rates. We carried this out in two different ways; a simple model and a realistic model. For the simple model, we assumed providers work with a flat term structure, so that once that week's spot parameter is estimated, formula (3) applies. We call this the flat model. This was a first step to give some intuition for changes in implied longevity. Then, we implemented a more sophisticated model (which we called the curved model ) in which we assumed that providers adopt a functional form known as the Cox-Ingersoll-Ross (CIR) (1985) model. This adds three CIR parameters (assumed to be constant across the 10 year period) which we also imply from the data, along with the implied longevity parameters, and the weekly short rate values (as latent variables).
We present both sets of results, as this gives a sense of the results' sensitivity to the term structure model. In the technical appendix, we provide additional details on precisely how the inversion procedure was implemented. We now move-on to describe the results. are the 1-βth percentiles of the F -distribution.
What all of this means is that (even in the simple model) we can reject the null hypothesis In the the more realistic (curved) model where we assumed a CIR term structure underlying the pricing of annuities, we estimated three free interest rate (diffusion) parameters in addition to the instantaneous (spot) rate r z . These are displayed in Table ( These values should be compared against the implied mortality parameters in the flat model displayed in Table ( 1) . Notice that once a more realistic model of the yield curve is included in the pricing process, the (modal) rate of mortality improvement becomes higher for males than for females. This is consistent with demographic data, but could also be a reflection of the difficulty in disentangling interest rates from mortality. . By the end of the second half of the year 2013 (mid November 2013), the equivalent income generated by the same initial premium was a mere $550, which is a reduction of 19% in generated cash-flow, in nominal terms. Needless to say, in real terms the decline was even more pronounced. The same "nest egg" generated less income and a safe retirement has become more expensive in the last decade.
The conventional explanation for the declining trend in life annuity payouts has been the equivalent movement in U.S. interest rates during this period. Long-term interest rates went from 5% to as high as 8% to as low as 3% over the course of the decade. But alas, the term structure of interest rates is only part of the story. A secondary and equally critical component in the decline of life payout rates has been the increase in the expected longevity of annuitants during this same 10-year period. An expectation of longer-lived annuitants implies that payments must last for longer which ceteris paribus results in lower cash flows to the new generation of retirees. This is basic arithmetic.
Non-specialists mistakenly believe that changes to "mortality tables" underlying insurance pricing are uncovered with new studies and then implemented infrequently, perhaps once 6 Note: we are puzzled by the age 55 female results which might be due to numerical instability and/or limitation of the GM law for young ages. 7 As we explained in the data section of the paper, this number is an average based on quotes offered by various U.S. insurance companies.
every few decades, and at the prodding of insurance regulators or actuarial associations.
This paper and our study suggest that this is not the case, at least as it relates to market prices. We detect small and subtle changes from week to week.
Methodologically we decompose the weekly changes in annuity payouts into two distinct components: (i.) the time-value-of-money interest rate changes, and (ii.) the expected biological or demographic changes. This then enables us to determine the relative importance of both components in explaining the decline in annuity payouts. Thus, for example, our It is worth noting that the increase in longevity expectations for males over time has exceeded the increase in expectations for females. In other words, annuity prices are telling us that although (i.) male mortality rates are obviously higher than female mortality rates, and (ii.) the expectation is that both will continue to decline over time, markets are indicating that the improvement will be more pronounced for males. Of course, only time will tell whether -like the futures market for frozen orange juice predicting the weather in Florida -markets will be proven correct.
6.2. Practical Implications. We envision two groups of practitioners who might be interested in these results and methodology, both within the pension and retirement arena. First, there is a growing market for pension buy-outs and buy-ins where DB plan sponsors reduce (or freeze or transfer) their liabilities using bulk annuity and longevity insurance arrangements. These deals are obviously predicated on certain mortality and longevity assumptions and the insurance company actuaries usually "drive" this process. So, our methodology (as well as results) could be used by financial analysts (i.e. non actuaries) as an independent
source to imply what various prices are saying about longevity assumptions. Perhaps, implied survival probabilities and life expectancies -from such bulk arrangements -can be compared against market annuity prices as a way of benchmarking prices
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A second (and perhaps larger) audience for this work is wealth management. A financial adviser or wealth manager must provide guidance to clients on more than dynamic asset allocation, or the mix of stocks and bonds in a diversified portfolio over time. As the client approaches retirement they need advice on optimal product allocation, that is the mix between pension annuity instruments and conventional non-insurance solutions. They also require guidance on optimal age-dependent spending and draw-down rates, which is another topic receiving more attention in the literature 9 .
All of these retirement decisions are tightly connected and intertwined with longevity expectations. A client that is expected to live longer -all else being equal -should retire later, build a larger "nest egg", spend less in retirement and insure (more) against longevity risk. These are the normative implications of economic life-cycle theory, as well as common sense, for that matter 10 .
More to the point, the advice that one often hears (perhaps anecdotally) is that annuitization or the purchase of an irreversible life annuity should be delayed or perhaps avoided entirely during periods of low interest rates. Others have argued for the existence of an option value in waiting to annuitize. And, while our intent here isn't to delve into the dynamic optimization of age-dependent annuitization policies, we end this paper with a note of caution. Namely, those who delay annuitization for example from a retirement age of 68 to a draw-down age 73 are swimming against the longevity extension tide. So yes, given the current interest rate and economic environment, a financial adviser might be reasonably confident that nominal interest rates will increase over the next 5 years, thus increasing annuity payouts. However, at the same time, we can only speculate whether the projected interest rate gain will outweigh the lost mortality credits and the more subtle longevity drift we have measured. In sum, annuity purchase procrastination might prove beneficial to health but hazardous to wealth. where the constants λ 0 , m and b are explained earlier in the paper. The is a static expression that depends on age but does not depend on calendar time.
One of the many ways to account for the changing longevity (parameters) over time is to make the modal and dispersion parameters m and b (used to price an annuity) depend on the week z the annuity is purchased. So, to capture the changes in longevity the following first order perturbative expansion was deemed to be sufficient, considering that m and b change slowly with time:
In the above, m 1 and b 1 are additional parameters responsible for incremental changes in longevity, z is the purchase-date variable and z 0 is some reference date. The third parameter λ 0 in the Gompertz-Makeham (GM) model represents "accidental death", and could in principle also vary over time. However, given the limitations of the data (just under 10 years in length) it seems reasonable to focus only on variations in the key actuarial parameters.
For convenience we normalize so z 0 = 0 (i.e. we measure from the beginning of the data series) and choose units so the slopes m 1 and b 1 represent rates of change per week, to reflect our weekly data set.
Swapping the "no improvement in mortality" constants for the linear function, the conditional probability of survival, from age x to at least age x + t, is now denoted by: (7) p(x, t |z) = e where the λ(s + x |z) is the purchase-date-dependent instantaneous rate of mortality. For instance, p(65, 20, 17) is the conditional probability of survival to age 85 for an individual purchasing an annuity at age 65, in the 17th week of our data series. Equation (7) is quite general and should hold for any modification of the constants in the Gompertz-Makeham law of mortality or even other forms of mortality rate λ(s + x|z). In the present (GM) setting, the integral in the exponential reduces to the following expression for the conditional probability of survival
. Correspondingly, the remaining life expectancy E[T x |z] of an individual at age x is also a function of purchase date z. It can be derived from equation (8) 
In the actuarial and insurance literature there is an effect known as selection; the population that selects by purchasing an annuity in week z has different longevity parameters Moving back to annuity prices themselves, the basic annuity contract can be characterized by the starting age of the annuitant x and the length of the guaranteed period T . The expression for the annuity factor can be derived from general arguments invoking the law of large numbers (to diversify away mortality risk) leaving deterministic cash-flows. It is the sum of the guaranteed and life contingent contributions. Following the convention in the literature, we may express the continuously-paid annuity factor using zero-coupon bonds: To obtain a more realistic model of annuity valuation, we opted to use the one-factor CIR stochastic interest rate model, originally proposed in Cox, Ingersoll and Ross (1985) .
According to Kahn (2005) a one-factor model is able to explain up to 82% of the interest rate variations in the US bond market. This enhancement -from flat to curved -provides an adequate way to describe an effective yield curve which insurance companies hypothetically use to price and value their annuity contracts. Under CIR, the instantaneous interest rate R t , under the risk-neutral probability measure, evolves according to the following stochastic differential equation
where α, β and σ are all non-negative constants, W t is a one-dimensional Brownian motion, and the (week z) initial condition is R 0 = r z . The interest rate R t is a non-negative and mean-reverting process. Bond prices B(s) are available for CIR in closed form -see for example Shreve (2010) . We acknowledge that the three global CIR parameters could also have been allowed to evolve in time, as in the Hull-White model, but our paper does not consider such issues. Even though bond prices are known, the two integrals in the expression forā(x, T |z) are not solvable analytically. Thus we resort to numerical integration to obtain annuity factors as functions of the GM parameters λ 0 , b 0 , b 1 , m 0 and m 1 , the CIR parameters α, β, σ and the weekly spot rate r z .
A full model for annuity prices would include not just term structure (as above) but also loading factors. We have not done this because our data set spans only 10 years, and we already find significant redundancy between model parameters, which leads to high variances for certain estimates (eg for the CIR parameters). Adding a loading function would exacerbate this problem. To illustrate the nature of the redundancy, imagine a perfect fit to the data using the existing model. If we then modify the parameters b 1 and m 1 in an arbitrary way, we could subsequently restore the perfect fit by introducing a time-varying and agedependent loading factor that precisely compensates for the change. Thus any estimation of loading parameters would depend strongly on the particular functional form assumed, and could be compensated for up to first order by varying the existing model parameters. We leave market price-based estimation of loadings question to the future, once richer data is available.
7.2. Numerics and Methodology. We reverse-engineer the problem of annuity valuation and seek the best values of the model parameters (5 + 3 + weekly spot rates) from the data provided by CANNEX-QWeMA. We use the Levenberg-Marquardt (LM) nonlinear least squares algorithm for that purpose. This algorithm is described in Morë (1978) . It is a stepping method and requires the knowledge of the derivatives of the expression with respect to the desired parameters and initial guesses for the parameters themselves. In the case of the flat model, it is straightforward to work out these derivatives semi-analytically.
For the CIR model, it is still feasible to calculate the derivatives semi-analytically, however these expressions are unreasonably lengthy and computationally extensive. We opted to use the three-and five-point difference methods to find derivatives. Essentially, they produce similar numerical accuracy but work much faster.
The code performing the nonlinear least squares fitting was written in Python 2.7.3 using the python bindings PyGSL 0.9.6 for GSL 1.16, which has an implementation of the LM algorithm and is well supported by its developers. In addition, among many other things, GSL provides numerical integration routines which we used to calculate the annuity factor of equation (9) and its derivatives. All aforementioned software is open-source. The actual numerical computations were performed on the SHARCNET computing clusters and wherever possible the code was designed to run on multiple processors to speed up computation times.
The female and male data was fitted separately resulting in two sets of longevity parameters and two nearly identical r z -curves. Given the implausibility of males and females being offered or charged different interest rates (obviously prices are different), all r z -curves and yields displayed and reported in this paper are averaged. The minor discrepancy between the two r z -curves could be partially attributed to numerical noise. Another more likely explanation is the presence of a coupling effect between the interest rate and longevity parameters.
The coupling effect is dominant in the flat model because the LM algorithm attempts to compensate for the lack of a term structure by assigning the longevity parameters values different from those if a term structure was actually incorporated.
In principle, the LM algorithm produces variances on the estimated parameter values.
However, in our fitting methodology the Jacobian matrix J is large and mostly populated with zeros because we treat every week with its unique parameter r z . Consequently, J is not of full rank, i.e. the columns of J are almost linearly dependent. Therefore the variancecovariance matrix (J T J) −1 is close to being singular, as the numerical results showed, and the diagonal entries cannot be deemed as meaningful measures of error. Nonetheless, we possess a high degree of confidence that our results are valid for three reasons: (i.) it was verified that slightly perturbing the initial guesses of the parameters leads to similar results, (ii.) the fact that the parameters b 0 and m 0 are in agreement with actuarial projections of Lee and Carter (1992) , (iii.) and the fact that the r z -curves and yields are reasonable representation to the behaviour of the interest rates in the considered time period. This is our "sanity" check.
In the curved (CIR) model, the interest rate and the longevity parameters must be nonnegative as dictated by the model assumptions. Although, there are only a few (3) more parameters as compared to the flat model, it was disproportionally more difficult to establish their values. Moreover, the LM algorithm was not always able to find a set of estimated parameters with all positive values on initial runs. To circumvent this difficulty we restricted parameters to be positive by squaring them. However, this trick drastically slowed down convergence and lengthened computation times. The expressions (not written out in this paper) for the half-life, long term mean and variance of the interest rate were pertinent for selection of initial guesses as well as judging the reasonableness of the estimated parameters.
Numerical computation was more extensive in the CIR model, where the LM algorithm had to go through hundreds of iterations and was computing individual runs for 3-5 days. interest rate assumptions. Consequently, they solve for annuity model prices which then lead to market prices. We invert the process and use market prices observed in a competitive equilibrium to solve for implied longevity expectations and to gauge how they change over time. 
